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NONSYMMETRIC BENDING OF A PLATE REINFOREED
BY A SYMMETRIC SYSTEM OF RADIAL RIBS

B.M. NULLER and M.B. RYVKIN

A solution is given in guadratures for the bending problem of an elastic plate re-
inforced cyclically by a symmetric system of arbitrarily loaded radial elastic rib-
stiffeners; the bending stiffness of the ribs varies as a power of the radius and
can be constant in particular, The limit case is considered for this problem, the
bending of a plate a star system of finite absolutely rigid ribs.

The reinforcing elements of thin-walled structures (belts, straps, stiffeners) are ordin-
arily arranged in a regular manner, However, nonregular loads induce asymmetry in the state
of stress and strain of a strucutre and methods of solving periodic problems become inapplic-
able. Most interesting results on taking account of arbitrary symmetry of the domains in
boundary value problems are obtained in /1,2/. As is noted in /3/, boundary value problems
for domains possessing cyclic, translational, screw, and spiral symmetric are solved effect-
ively by traditional analytic methods after the application of a discrete or finite discrete
Fourier transformation, Problems solvable by the method of integral transforms /3/, by the
Wiener—Hopf method /4,5/, by Gakhov and Muskhelishvili methods /6/, were studied earlier by
this method. This paper borders on these investigations and demonstrates the example of reduc-
ing boundary value problems for symmetric domains of the type mehtioned to a Barnes differ-
ence eguation.

1. Iet an elastic plate 0<Cr<<oo, 0<{O<2n (Fig.1l) of thickness £k, Young's modulus
E, and Poisson ratio v be reinforced by a cyclically symmetric system of N identical radial
ribs, elastic rods 0<{r<Coo,0=2ak with the bending stiffness S (r)=8r"", where r,8 are

polar coordinates, the angle # is measured clockwise, a=aN1lk=0,1,.. .N—1,N =>1, 8>
0, o {—1. A transverse load ¢; {f}, relative to the plate, is applied to the Fk~-th rod, a
transverse force P, and bending moments Mg, M,, dJirected along the rays 6 =3%,n and 8 =10

act on the point r=0. There are nc moment interactions between the rods and the plate, i.e.,
the bending moments in the plate are continuous when going through the contact lines, there
are not torsional strains of the rods or they are considered small and not taken into account,
and My, = 0 for N < 2. Find the deflections of the ribbed plate under the condition of its
simple support at infinity.

Let us partition the plate into N identical sectors by
the rays 6 =2k +1)a, k=0,1, ..., N—1 and let us in-
troduce a polar coordinate system r,y with axis =0
directed along the rib, into each. The components of the
state of stress and strain will be denoted by the superscripts

j=1 for —a<{y<0 and j=2 for 0<y<a Then the
deflections wy’ in the k-th sector should satisfy the plate
rending equation

Adwd r, V=0 (1.1)

the conditions of contact with the stiffener ribs, the con-
ditions of matching of the solutions in adjacent sectors, and

Fig,1 the condition at infinity
wi (r, 0 =ui"(r, 0), n=0,1,2; wf® = 0™, /5y" {1.2)
8 w1 (r, 0)
"5?5'{'5‘("} e ]=Nk2(r'0)“"Nkl(rv0)+9k(r) (1.3}
; t 9 - @ (1 o’
M= D[ttt + (1= S (£ 2]
D= ERn?

20—

*Prikl.Matem.Mekhan.,Vol.47,No. 3,pp.469~477,1983

395



396

win(r, —e)=uf"(r,a), n=0,1,2,3, k=0,1,... N—I; (1.4
Wi ==
J Py P 2 ) y B . .
ZLk(T, Y)=WT lﬂr"[(n[ol',— 11’[1)0059*;—(1‘/[02—1‘ J[g)SlnB]X (1.5)
Nem] o
1
o o P=Y (e,
n==0 0
N—-1 x
My 4 iMy= etan\ g (Fyrdr, o<l —1
&)

Here P is the principal vector, M,; and M, are the principal moments of the loads g ()
directed along the axes 0 = 3/,n and 0 =0,

Condition (1.5) corresponds to the mechanically obvious fact that for all o< —1 the
rib stiffness at infinity equals zero, and therefore, the states of stress of the ribbed and
rib-free plates under consideration that are laoded by the force P, +P and the moments
Mo +M,,s=1,2 at the center as r-— o became indistinguishable; simple support is
characterized by the absence of the component O (r*) in (1.5). For @ = —1 the plate re-
mains ribbed even at infinity, and in this case condition (1.5) is not used.

2. Following /3/, we apply a finite discrete Fourier transformation to the problem (1.1)
~ (1.5}

N1 N1

. 1 .
Ear v D= gl V)M, g (r V)= 3, Gu(r,y,])eiokt (2.1)
k=0

{=0

_ Then the problem (l.1)-—(l.5) goes over into a boundary value problem for the transform
wy (ry 7, 1) in the cell O<r<<oo, —a P @

AAw#j v =0, w0 )=w(, 0,9, n=0,1,2 (2.2)
o [ SO TG 8 = N (0.0 — Ny, 0.0 + 4. () (2.3)
w," (r, —a, 1) = ety ™ (r, o, 1), n=01,2,3 (2.4)
we’ (ry 12 ) = Y0 2D ((Po + P) Soyrlnr — (2.5)

[(Mn 4+ M) 51,8‘“ + (Ho + M) GN_l,,eW]rlnr +0(T)
M0=M01+iM02, M=M1+iM2, o< —1

where §,; is the Kronecker delta.
We seek the solution of (2.2)—(2.5) in Mellin integrals that satisfy conditions (2.2)

and (2.4)

. B , )
w.’(r.\’,l)==—2-}l-‘—§—s‘-ﬁ-27(;_%—{31n2(p—1)acos(p—1)y—— (2.6)

(—1)B;sin(p— 1)y — E—z%%))—g—:—[sinZ(p—k Yacos(p + 1) v—
(—1)’B;*sin(p + 1) vl} =P dp + x (w)r?

Bit = B (p, 1) =Pt (p, 1) + (—1) sin 2la
pt=Bx(p, I) =cos2(p+ 1) a — cos 2ix

Here y(w) =0 for @ << —1, y(@) = C =const for © = —1, L is the line Rep =5k, M=
a —e, ¢ >0 is a sufficiently small constant, and a4 is a numer dependent on [l. Substituting
(2.6) into (2.3), introducing the unknown function A4 (p) by the relationships

AP)=AP, =N, (p.0,) =N 2(p,0,) — 74 (p. )= 2.7
8Dp(1 —p)sin 2(p—N)af B (p, ) — 4 (P ])

g =$ g(yrenar

0

and following /7/, we cobtain the Barnes equation
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Ap—o)=F(pAP@E +fb@)h prsL (2.8
- 1 S
F(p)EF(p,l)——- Q(p :‘2:’:3“"2("‘)’))@!“’) , Q=W

pP)=¢@ H=@E+Dp @sin2(p—1)a—
(p—1Pp (P)sin2(p +1a

G:(P)=q.(p, N =28 )" (), TR)=7(p )=
F (p) 7« (P)

Je () =34 (p, 1), BE(P)=PpE(p, I)

for the function 4 (p) that is analytic in the strip Q = {p |A< Rep A — 0} and tends to
zero for |Imp | — o0 within this strip.

3. Let us consider (2.8). We first investigate the solution of the homogeneous equation
X(p—0})=F(p)X (), p=L (3.1)

that is analytic in Q.
We introduce the function Y (p) in the form /8/

Yp=X@PFp), pcsYP=X@p, p=s (3.2)
Q' ={p|rhC{Rep<a}, T ={pla<BRep<h — o)

We denote the functions analytic in Q*and Q~ by the superscripts plus and minus. If
the function F7!(p) is analytic in the strip Q¥, then by virtue of (3.2) the function X (p)
will be analytic in © upon compliance with the equality X (p)= Y~ (p), Rep = a and the bound-
ary condition

Y*(p)=F (@)Y (p), Rep=a (3.3)

Since it follows from (3.1) and (3.2) that Y{(p — 0) =Y (p), p = L, the Riemann prcblem
(3.3) should be solved in the class of automorphic functions with the automorphicity strip Q.
Let the function f(p) by analytic in Q% Then exactly as (3.1), the equation (2.8)

will reduce to the problem of a jump

W)= W (p)=1fi(p), Rep=a (3.4)
in the class of automorphic functions W (p)determined by the relationships
ZP=A@X'p), L@ =fO®X(P—oa) (3.5)

Wel=Z@ +hH @), p=Q, Wp)=2Z(p), p=Q
Z(p)=W"(p), Rep=a

The boundary value problems (3.3) and (3.4) are solved by quadratures by F.D. Gakhov /9/.
In particular, if the index of the function F (p) is zeroc (Ind F (p) = 0) on the line Rep =g
and In F(p),f, (p) = H, where H is the class of function satisfying the Holder condition, then
according to /9/ the canonical solution of the problem (3.3) and the solution of the problem
(3.4) have the form -

a+ioe
Y (p) =exp {5 S InF (t)otg ZE=D) dt} (3.6)
1 a+'ima_wc
W) =g § 1) [og ZE=EL 1
a—ix
Following /10/, we give a more effective solution of the problem (2.8) than (3.1)—(3.6).
Let X (p) be an analytic solution in Q for the problem X (p — @) = —F (P) X (p), p= L. Let us
introduce the function
Z)=A@)X () Hh(E)=F@® X (p — w) (3.7

WE)=2Z({p)—fhip)h pEQ; WEp)=2Z(p), ps= Q-

Then if f, (p) is a function analytic in QF, then.the problem (2.8) again reduces to the
problem of a jump

W* (p) — W™ (p) = —f,(p), Rep=a (3.8)
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but with another periodicity condition: Wip—w)=—W(p), Rep=>4A. If [ (p)=H for
Rep = a, the solution of this problem has the form
a+ioo
.o A{t—p)
W(p)=——— \ H@sin? ZL=E g (3.9)
a—ix

and differs from (3.6) by the exponential convergence of the integral.

The equation (2.8) is reduced to a Carleman problem in /11,12/. As in /10/, another
method is used below. After factorization F (p)= F, (p) F,(p), where F,(p) is an elementary
function, In F, {(p)j= H, Ind F, (p) = 0, the problem (3.1) with coefficient F, (p) is solved by
the Barnes method, the problem (3.1) with the coefficient F,(p) and the problem (2.8) are
solved by (3.2), (3.6) and (3.7), (3.9).

4. Let us investigate three case: [=10,1=1,1=2,3,...,E[Y, (W + 1), where £ [z| is
the integer part of &z, and N > 2. This is sufficient for finding the function 4 (p, I) for
all L

Let 1= 0. Then for a selected kernel of the Mellin transform, the highest term in the
asymptotic formula (2.5) is determined by the residue of the integrand (2.6) at the point p =
—1, therefore, a = —1. We put

Fo(@, 1) =, (py )" (py 1) tg IYyme™ (p — a)] (4.1

According to (2.8), the asymptotic of the function F,(p,!) has the following form for
large |y |

Fala+ig, ) =14+0lyexp(—2aly N+ Olexplmjylo™] (4.2

[ R

£

lo™1)] (4.2)
J

&

The functions ¢, (p,0),s=1,2 are real on the imaginary axis, p =10 is a simple zero of

the function @,(p,0), p= —1 1is a simple and double zero of the functions ¢, (p,0) and o, (p.
0); it can be shown that there are no other zerces of the function ¢,(p,0) in the strip
—1<{Rep<{0. Hence, it is seen that the indices of the function ,(p, 0) ¢, (p, 0) equal —%/,

and ',, on the lines Rep= —¢ and Rep= —1—¢, IndF,(p, 0) =0 on the line Rep = —1,

and InF, (p,0) = H by virtue of (4.1). In conformity with Sect.3, taking into account the
conditions of the regularity and decrease of A4 (p,!) in Q, the general solution of (2.8) can
be written as

Ap.0)=A0(p,0)[C1 + 2 Catg L= 4 2 in 2= 7(p, 0)] (4.3)
A0(p,0) =5 (p + 1) (— 0QrPe T (L2 2)

cig n(pw—a) cos™t n(pz;a) X(p )y ol—1
A (p,0) = Ao (p, 0) [C; — cos np Z (p, 1)) (4.4)
Ao (p, 0) = QL' (p + 2) cos™ Yy (p — a)lX (p, ), 0 = — 1
X, ) =#7@,0Y (), Z(p, ) =W(p, ) —[i(p ] (4.5
A<{Rep <a
Xp, =Y. ), Z(p h=W(p,}), a <RepKr—o0

a-tix

Y (p,)=Y (p) =exp [-2‘7 S In £y (¢, ) otg SE—2L gy |

a-—ioco
a+ix
1 Lo o at—p
W (p. D)= W (p) = S fate hsint ZE=2) g
L e D=he) =4 (o heost 2E=2 g (p, 1)
Here a = —1,l = 0, (p) is the Gamma function. The constants (; and (, are found for

o < — 1 from the condition (2.5) by using the asymptotic O (*Inr)+O0(r) +0(r) of tj.he
integral (2.6), which can be obtained by shifting the contour L to the right after the point

p = —1, and adding the residue at this point to (2.6). By using (2.7) we insert the func-
tion A (p,1) into (2.6). The expression (4.3) shows that the factors for C, and Z(p,I) have
simple poles at the point p= — 1, the factor for C, has a second-order pocle. Residues of

the integrand of (2.6) at the simple pole are proportional to r*, the residue at the second-
order pole is the sum of functions proportional to r* and r?lInr. Equating the factors for
rlnr in (2.5) and in the asymptotic of the solution (2.6), (2.7), (4.3)—(4.5), we obtain

C1 = Podg! (— 1,0) = — Pyns Qa2 Q10 < (— @) oT ™ (o) Y70 (— 1) (4.6)
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Taking into account that there is no component O (r¥) in (2.5), we obtain

- , - Tu' (—1
L= [0 TOAeD y () - B @ W (— 1) (a.7)

—14iec
! ’ n{t—p
Y,(p)= o S [InF:(t, 0)] ctg -(—F_) dt
—1—ic
1 (o) = actg 2a + Ysa cos 2 + 2 + Y,PPy, o <Yyn
n(a) =3, + PP, & =1t,n
In the case ® = — 1, we determine the constant C, from the equilibrium condition for

a system of beams

N—~1

S0 — N2 0 —a (N dr=P,

k=0 0
which is, according to (2.1) and (2.7), equivalent to the condition A4 (—1,0) = P,. Hence,
there also follows from (4.4)
Cy = atls (2a)?: (Py + Y, P) — W (—1,0)
We determine the constant C from the simple support condition for the ribbed plate, which

is equivalent to the absence of a term proportional to r? in the asymptotic of the deflection
w(r,¥) for large r. By virtue of (2.6), we obtain for N > 2 (¢ <, )

C=__1;_§'g—(f',%{“no+r'(1)+Y1(—1)+actg?..a.+
/3 e cos 2] [Cl +W(=1)+ Y07 (— 1)(%)%})} +
201 2W (=) + Wi(—1) +
72 Q¥ (— 1) (55 ) "l (— 1) + P}

s —1+ioc
W1 (p) = a5 f1’ (t) sin"ln (p e l) dt
~]—ioc
The case w = —1, N =2 is of only slight interest. It corresponds to the problem of

bending of a plane reinforced by an infinite beam of constant stiffness. In Cartesian coord-
inates this problem is solved by elementary means.

Let [ = 1. Then the highest term of the asymptotic (2.5) is generated by the residue of
the integrand (2.6) in the second-order strip p = 0; the functions ¢,(p,1) are real on the
imaginary axis and do not vanish for ps0, the function ¢,(p,1)¢,”* (p,1) has a simple pole
at the point p =0, therefore, a=0 in (2.6), (2.8) and (4.1). By using (4.2) to confirm
the conditions In F,(p, 1)< H and Ind F, (p,1) = 0, the solution of the problem (2.8) can be
written for all o < —1

A (p, 1) = 4, (p, 1) [Cs + cos (nw7p) Z (p, 1)) (4.8)
Ay (py1) = (p + 1) (—0Q) Pl (1 — @ lp) cos? (pme™p) x X (p, 1)

The functions entering here are evaluated by means of (4.5) for a=0, [ =1. Equating the
factors for rlnr in (2.5) and in.the residue (2.6) taken at the pole p =0, we cbtain

Ca = Mody 1 (0,1) — Z (0, 1) = n'l: (—4dao)™ (M, + 1. M) — W (0, 1) (4.9)
Let us note that the transform found entirely determines the solution of the homogeneous

problem of bending of a ribbed plate by moments M, and M, ; the quantities M,, and M,, doe
not enter into the solution of the problem (2.2)—(2.5) for [I=z£1,

Let 1=2,3,...,E[Y,(N+4 1), then we have
A (p, 0= 4, (p, }) cos (nwp) Z (p, I (4.10)
Ao (p, ) =(—@Q)Plo (p 4 1)1‘(1 — %) cos%cosﬂ %—X(P' h)
Fo(p, ) = —@1(p, 1) 9,7 (p, 1) ctg (nw™ip)

The remaining functions are taken from (4.5) for « = (0. As should have been expected,
the solution (4.10) does not contain homogeneous solutions and new derivative constants.

From the definition of the transform (2.1) there results the identity w,(r,y, N — 1) =
w, (r, v, ). It hence follows that (2.6)—(4.10), (2.1) yield the solution of the boundary value
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problem (2.2)—(2.5) for all I In the general case this solution is expressed by the sum .V
of triple exponentially-convergent integrals; as is seen from the estimate (4.2), the rate of
convergence diminishes as|w| grows. To improve the convergence for large |o] and to pass to
the limit as {® |— o, the solution of the homogeneous Barnes equation (2.8) is written in
a different form /7/

Ao (p, 0)=_.g_o-p/w(p+1)r(1—-£->r-1<"—+‘)>< (4.11)

—

€08 tw~! (p 4- 1) ,
et p L1y L P+ L)X (0

Ay (p, 1) = w@-Plep (p + 1) (— 0™ p) sin”! (nw™1p) X
T(p,0)X (p, 1)
Folpo ) =0 (p, o, (p, ) tgap, L =0, 1
Ao (py ) = Yy0™ (02Q)P/°p (p + 1)T? (—w1p) X
sin 2no™p) Tt (p, ©) X (p, ) )
Folp )= @1(p, Do (p, Dctgnp, 1=2,3,..., E[Y,(V + 1)

T (p, @) = f[r( hosm PP (1— 2 (2R &

(6]
T (1 —8 i’;";i)(i _ _21?>1+2pm“

If N =2, then instead of the first two formulas (4.1l), simpler formulas can be used

Ao (p, 0= —HEED 0pr0 LM lEE N o1 (1 - Z)p (R (2L ) (4.12)

sin®nw=l(p 4 1)

Ay (p, 1) = w™lp (p + 1) (2Q)-7/¢ sin™ (nw™'p) T (Yop, Y,)

5., As ®@-—>—o0, the beam stiffness $(r)= Sr@1 diminshes (increases) without limit for
all r>1(r<1), and in the limit the system of infinite beams degenerates into a finite lin-
ear star stamp 0< r<1, 8 =22k (Fig.2). The fundamental conditions (1.3) go over into mix-
ed conditions here

wt (r,0)/or* =0, O<r<<L N (n 0) — N (00 = 4, (), 1 <r <o (5.1)

The remaining conditions do not change.

The Wiener—Hopf method could be applied to this problem
after it had been reduced to a boundary value problem for
the transform w, (r, vy, 1) of the type (2.2)—(2.5). Following
/7/ here, we again write the solution down for the case
gy (r) =0, k=014,...,N —1, by passing to the limit as o —
—o0 in the results cbtained. The form of the solution of
the problem (5.1) in the transfoms w,’(r, v, ) here con-
serves its previous form (2.6), (2.7). According to (4.11}
T (p, —0) =al (p + ;) "' (p + 1). Hence, we also obtain from
the solution (4.3)—(4.5), (4.8), (4.11):

Fig.2
A(p,0)y=n?T(p+3)T(p+2)X(p.0)IC, + C,(p+1)] (5.2)
A(p, 1) =a=lCy (p + 1) T(p + ) T p + 1) X (p, 1)
AP, )=0,1=23,.. ,E[M;(N+ DI

X(p, ) =Y (p, ) F,7' (p, 1), Rep <a
X(p,)=Y (p,!), Rep>a, a= —by

a-+ico

Y (p, )=exp [% S In Fy (2, 1) -‘—:d—‘—p—]

a-—iso
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where the functions F,(p,l) are determined by (4.11). .
The arbitrary constants are found from condition (2.5), as in Sect.4, by using an expan-

sion in residues
C, = naP, Y (—1, 0)I (5.3)
Co = Ci {T" (1) — &I (M) — ¥y (— 1) — m (@)}
Cs = '/ 2a)~I:M,

Passing to the limit in ® in (4.12) for N =2, we obtain the simpler formulas

A (p, 0) = 5T (1 + Yyp) T (¥, + */yp) 1€y + Ca (p + 1)) (5.4)
A(p, 1) = G (p + 1) T (Y, + Ypp) T (1 + Y, p)
G = ab,, C, = 1/201 [r'@) — s’ (1/2) - 3]7 Cy = nMol

The solution (2.6), (2.7), (5.4) corresponds to impression in a plate, simply supported
on a circumference r = R,R>1 of a linear stamp 0<{r<<1, 86 =0, 8 =n.

The passage fram the transform (2.6), (2.7), (5.4) to the solution of the problem (1.1),
(1.2), (5.1, (1.4), (1.5) is accomplished in the k-th sector by the inversion formula (2.1).

Let us clarify the behavior of the contact pressure AN, (r) = N1 (r,0) — N,2(r,0) at the
edge of the k-th rib of a star stamp. According to (2.1), (2.7), the double transform (dis~
crete and Mellin transformations) of the function AN,(r) equals A (p,!). By virtue of (5.2),
for large p,Rep>a, we have

A (p, 0) ~ a2 (C1p~*r + Cop'y) (5.5)
A (p, 1) ~ Comp, 4 (p, ) =0 (I=2,...,EPh(N + 1))

There is an asymptotic connnection between the function f(r) and its transform F*(p). If

1
Frpy=(inrPdr~ap™, Rep>a, —1<n<0

[

then f(r)~ AT '(n+4)(1 —r" as r—1—0. Using this connection for the original function
AN, (r, ) and differentiating the result according to (2.1), (5.5) with the identity AN, (r,

N —1)=AN,(r,]) taken into account, we cbtain (k=0,1,...,N —1)
e €1 Cok2Re (Cye~%ioF) _
ANk ()~ J [(1 =~ 2(1— )" » T—>1-0

It can be shown that the elastic strain energy of the plate is here bounded in the neigh-
borhood of the rib ends.

If N =2, then the function AN, (r) is expressed in radicals in the whole band 0, O,

Indeed, for r<! according to the Cauchy theorem the contour integrals in the formula

1
AN (=77 S [4(p, 0)+ (— 1) 4 (p, 1)] FP2dp; k=0,
L

can, according to (5.4), be replaced by series of residues at the poles of the Gamma functions
T(t+,p) and T (¢, +1/,p) starting with the point p= —2. Summing these series by means of
formulas 9.03 and 9.05 from /13/, and taking account of the equality ' (1) — aT' (/) =210 2, we
obtain

k
AN;,-(r):.%[ 1 2]n2—3] (— 1) Myr

(A —r2)lt T 20—y | T T2 ey

For M, =0 this agrees with the result in /14/ found by different means.

6. The constraint N2>2 was imposed in Sect.4. If N =1 then the solution can be
obtained by following /7/ and not applying the discrete transformation. The results of Sects.
1—5 can also be used by changing the function F, (p,l) somewhat since the real zeroes of the
function g, (p, }) are distributed differently for N = 1.
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